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We present an analytical derivation of the electromagnetic response of a spherical object coated by a conductive
film, here exemplified by a graphene coating. Applying the framework of Mie–Lorenz theory augmented to
account for a conductive boundary condition, we derive the multipole scattering coefficients, modified essentially
through the inclusion of an additive correction in numerator and denominator. By reductionist means, starting from
the retarded response, we offer simple results in the quasistatic regime by analyzing the multipolar polarizability
and associated dispersion equation for the localized plasmons. We consider graphene coatings of both dielectric
and conducting spheres, where in the former case the graphene coating introduces the plasmons and in the latter
case modifies in interesting ways the existing ones. Finally, we discuss our analytical results in the context of
extinction cross-section and local density of states. Recent demonstrations of fabricated spherical graphene
nanostructures make our study directly relevant to experiments.
I. INTRODUCTION
The study of interaction between electromagnetic fields
and graphene has seen a riveting development in recent
years. In particular, efforts have centered on oscillation-
energies near the experimentally achievable Fermi level of
graphene, typically in the sub-eV range, where the prin-
cipal features are due to the excitation of either propa-
gating or localized two-dimensional plasmons.1–3 A large
variety of structural configurations has been investigated,
ranging from e.g., (semi-)finite structures4–7 to periodic
arrays.8–10 Of these studies, the overwhelming majority ex-
hibit the common assumption of structural planarity. Re-
cently, interest has emerged also in exploring the proper-
ties of plasmonic-interaction in curved configurations, e.g.,
propagating modes in bent and corrugated sheets,11 in the
context of cloaking,12,13 and in various coated nanowire
systems.14–17
In this paper, we examine the archetypal curved graphene
structure: a sphere, highly amenable to analytics and exhibit-
ing the key features necessary to gain clear physical insight in
the role of curvature. The spherical geometry is also of exper-
imental relevance, given recent fabricational demonstrations.
Notably, demonstrations include reduced graphene-oxide
hollow spheres,18 graphene-encapsulation of hollow SnO2
spheres of radii down to ∼50 nm,18 and porous multilayer
graphene nanospheres supported by a polystyrene interior.19
Though the graphene in these recent demonstrations exhibits
several deviations from an idealized two-dimensional spheri-
cal coating, they underscore the relevance of the geometry
beyond a theoretical perspective. At the opposite end of the
size-spectrum, the fullerenes represent a tempting analogy.
However, it is now well-established that larger fullerenes,
such as C320 and beyond, prefer faceted, predominately icosa-
hedral rather than spherical configurations.20,21 Additionally,
the use of semiclassical, local response functions in graphene
is reasonable only for structures in excess of ∼104 carbon
atoms.22 In this paper, we take a classical, local surface con-
ductivity approach, and as such we expect our predictions to
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FIG. 1 (color online). Schematic illustration of the introduced
conceptual simplifications in the treatment of optical response of
graphene nanospheres via a surface-conductivity approach. Specif-
ically at step i) any aspherical elements are neglected, while, at
step ii) the microscopic details of the structure are replaced by the
bulk response function σ(ω). Here depicted for a C540 fullerene,
for illustrative purposes solely.
be reliable chiefly for radii larger than ∼5 nm (a graphene-
sphere of N atoms has a radius of R ∼ √N × 0.457 Å),
significantly beyond the range of fullerenes.
The paper is structured as follows: For graphene described
by a local surface conductivity, we show in Section II A that
its electromagnetic response can be understood through a
modified Mie–Lorenz theory. From the asymptotic limit of
these results to the quasistatic realm, we derive the multi-
polar polarizability in Section II B, and identify the multi-
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2pole plasmon conditions in the quasistatic regime, which
are particularly transparent. Specifically, we show that an
intuitive, effective-momentum mapping connects the sphere-
resonances with those of an infinite plane. In Section III we
present calculations for graphene-coated dielectric spheres,
considering first the size-dispersion of the multipole reso-
nances. Next, comparing two observables, the extinction
cross-section and the local density of states (LDOS), we
highlight the physical significance of the dipole and higher-
order multipoles. In Section IV we study the interaction
between a localized plasmon supported by a Drude sphere,
e.g., a doped semiconductor, and the plasmon supported
by the graphene coating. We close our treatment of coated
Drude spheres by discussing a corollary of the formalism
related to surficial damping in metal plasmonics. Finally, we
summarize the results in Section V.
II. THEORETICAL DESCRIPTION
Within the local-response approximation (LRA), the elec-
tric field E(r, ω) in a homogeneous regionVj with dielectric
constant εj(ω) satisfies the homogeneous Helmholtz wave
equation
∇2E(r, ω) − k20εj(ω)E(r, ω) = 0, (1)
where k0 = ω/c denotes the free-space wave number and
where εj(ω) denotes the effective LRA dielectric constant,
potentially exhibiting a frequency dependence.
A. Retarded Solution by Expansion in Vector Waves
We solve Eq. (1) by expansion in vector wave functions,
as befit for structures with curvilinear symmetries.23 In par-
ticular, within the LRA the electric field is divergence-free,
or solenoidal, in which case the monochromatic solutions
of the electric field in a homogeneous regionV j can be ex-
panded in the basis of the solenoidal vector wave functions
M[i]ν (r) and N[i]ν (r) of that region
E(r) =
∑
iν
aνM[i]ν (r) + bνN
[i]
ν (r), (2)
with ν denoting a geometry-dependent expansion index,
while i denotes expansion over in- and outgoing waves, and,
finally, with a[i]ν and b
[i]
ν denoting associated expansion coeffi-
cients. The functions M[i]ν (r) and N[i]ν (r) describe the TE and
TM parts, respectively, of the electric field, and describe the
propagation of transverse modes, cf. their solenoidal prop-
erty. In spherical coordinates r = (r, θ, ϕ) the index ν parti-
tions into polar and azimuthal quantum numbers, l ∈ [1,∞[
and m ∈ [−l, l], with associated vector waves (usually re-
ferred to as multipoles)23
M[i]lm(r) = ∇ × rψ[i]lm(r), (3a)
N[i]lm(r) =
1
k
∇ × ∇ × rψ[i]lm(r), (3b)
defined in terms of the scalar generating functions
ψ[i]lm(r, θ, ϕ) = z
[i]
l (kr)P
m
l (cos θ)e
imϕ, where z[i]l denotes spher-
ical Bessel or Hankel functions (of the first kind), jl and
h(1)l , for i = 1 and i = 2, respectively, corresponding to in-
and outgoing waves. The wave number k ≡ k0√ε j relates
the dimensionless argument kr with the material properties.
An additional class of vector wave functions exists, denoted
Lν(r), which are irrotational. These vector waves are needed
e.g., in the description of longitudinal modes arising in non-
local response or in the presence of sources, but are irrelevant
in homogeneous media described by the LRA.24–26
Here we consider the specific case of a two-component
spherically symmetric system, centered at origo, coated by
a conductive film at the bulk-component interface at radius
R, as indicated in Fig. 1. We assume that the system is
illuminated from a source in the external region, denoted
V2, by the ingoing field Einc(r). The incident field excites
an outgoing scattered field, Esca(r), in V2, and an ingoing
transmitted field, Etra(r), in the interior region, denotedV1.
Explicitly, the field in- and outside the sphere is expanded
via
EV1 (r) =
∑
lm
atralmM
[1]
lm (r) + b
tra
lmN
[1]
lm (r), r < R, (4a)
EV2 (r) =
∑
lm
ainclm M
[1]
lm (r) + b
inc
lm N
[1]
lm (r)
+
∑
lm
ascalm M
[2]
lm (r) + b
sca
lm N
[2]
lm (r), r > R, (4b)
where regionsVj are implicitly associated with wave num-
bers kj = k0
√
εj.
The transmitted and scattered amplitudes, {atralm , btralm} and{ascalm , bscalm }, are linearly proportional to the incident ampli-
tudes, {ainclm , binclm }. Their interrelation is dictated by the bound-
ary conditions (BCs) at the domain-interface at r = R. In
the presence of a conductive surface at r = R a finite sur-
face current K is introduced, in which case the BCs read
as nˆ × (EV2 − EV1 ) = 0 and nˆ × (HV2 − HV1 ) = K at all
surficial points. We take the induced surface current at
a surficial point r, with associated normal nˆ, as linearly
related to the tangential field E‖(r), constructed such that
E‖(r) · nˆ = 0, via an LRA surface conductivity σ(ω), such
that K(r) = σ(ω)E‖(r).
Enforcing these BCs translates into local, linear relations
between the scattered and incident amplitudes
ascalm = t
te
l′ a
inc
l′m′δll′δmm′ , b
sca
lm = t
tm
l′ b
inc
l′m′δll′δmm′ , (5)
where the proportionality constants, often referred to as Mie–
Lorenz scattering coefficients, are given by
3ttel =
− jl(x1)[x2 jl(x2)]′ + jl(x2)[x1 jl(x1)]′ − g(ω)x20 jl(x1) jl(x2)
jl(x1)[x2h(1)l (x2)]
′ − h(1)l (x2)[x1 jl(x1)]′ + g(ω)x20 jl(x1)h(1)l (x2)
, (6a)
ttml =
−x22 jl(x2)[x1 jl(x1)]′ + x21 jl(x1)[x2 jl(x2)]′ + g(ω)x20[x1 jl(x1)]′[x2 jl(x2)]′
x22h
(1)
l (x2)[x1 jl(x1)]
′ − x21 jl(x1)[x2h(1)l (x2)]′ − g(ω)x20[x1 jl(x1)]′[x2h(1)l (x2)]′
, (6b)
written in terms of the dimensionless argument x j ≡ k jR
for j = {0, 1, 2}, and where the influence of the conductive
surface is included via the dimensionless parameter
g(ω) ≡ iσ(ω)
ε0ωR
. (7)
Naturally, for vanishing surface conductivity g(ω) → 0,
whereby the solution reduces to the standard Mie–Lorenz
coefficients.27
B. The Multipolar Polarizability and the Nonretarded
Plasmon Dispersion
The amplitudes in Eq. (6) give the fully retarded response.
However, as is well known, the quasistatic limit is excellent
in the context of plasmonic excitations in graphene when
~ω/f  α ≈ 1/137.28 For optical interactions in the qua-
sistatic regime, the multipolar polarizability, αl, constitutes
the central object, and can be derived from the TM Mie–
Lorenz coefficients via25
αl = −4pii l[(2l + 1)!!]
2
(l + 1)(2l + 1)
lim
x0→0
[
ttml
k2l+12
]
, (8)
with !! denoting the double factorial. From this we can
derive (using the small-argument asymptotic expansions of
the spherical Bessel functions) the multipolar polarizability
in the quasistatic limit
αl = 4piR2l+1
l[ε1 − ε2 + (l + 1)g(ω)]
lε1 + (l + 1)ε2 + l(l + 1)g(ω)
. (9)
This expression is naturally highly reminiscent of the well-
known result for the polarizability of a two-component spher-
ical system,29,30 but extended via g(ω) to account for the
presence of a conductive surface.
The plasmonic resonances of the system are obtained from
the poles of the Mie–Lorenz coefficients of Eq. (8), or, in
the quasistatic regime, from the poles of the polarizability
of Eq. (9). In the latter case, we can derive a uncomplicated
resonance condition for the l-order multipolar plasmon at
frequency ωl, extending the Fro¨hlich condition to account
for a conductive surface contribution
lε1 + (l + 1)ε2 + l(l + 1)g(ωl) = 0. (10)
Though usually – in the absence of a coating – the existence
of a plasmon requires ε1ε2 < 0, it is evident that plasmons
may exist here even when ε1, ε2 > 0 provided that g(ωl) is
sufficiently negative, achievable for a surface conductivity
with Im(σ) < 0.
For a uniform background, ε1 = ε2 = ε, the condition is
particularly elucidating, reading
2iε0εωl
σ(ωl)
=
(
1 +
1
2l + 1
) l
R
≡ qeffl , (11)
here we have cast the condition in the equivalent form as that
of the infinite sheet plasmon condition,31 whereby we are
able to identify an effective momentum qeffl , which, rather
suggestively, approaches l/R asymptotically as l → ∞, as
a consequence of the modes perceiving the curving surface
as increasingly flat with higher l and concomitant shorter
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FIG. 2 (color online). (a) Dispersion of the plasmon resonance-
frequency as a function of sphere-radius for the first five multipole-
plasmons (l indicated in blue text) depicted in a doubly-logarithmic
plot. Resonances calculated for lossless graphene spheres with
Fermi level f = 0.4 eV in vacuum (ε1 = ε2 = 1) at zero tem-
perature. The intra-band approximation (discussed in the text) is
indicated in dashed blue lines, while the region of negative imagi-
nary part of the conductivity, ~ω/f & 1.6671, is indicated in gray
shading. (b) Induced multipole modal profiles in the xz plane, cal-
culated for R = 20 nm and m = 1 at resonance. Indicated is |E| in
contours (separated by factors of 2), and Re(Eθ) in blue and red,
corresponding to positive and negative, respectively.
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TABLE I. Representation of the induced charge profiles of the lm-
multipole plasmons. The charge profile is ρlm(θ, ϕ) ∝ Pml (cos θ)eimϕ
of which we here depict the real part of the latter. Negative m-values
differ from their positive counterparts only by rotational direction.
wavelengths.26,30 For the optically important dipole reso-
nance, we find qeff1 =
4
3R
−1.
The identification of an effective momentum suggests a
phenomenological approach to incorporate the effects of
nonlocal response (momentum dispersion), by substituting
σ(ω) → σ(qeffl , ω), with the latter expression obtainable
e.g., from the noninteracting polarizability.32,33 However,
though such a speculative approach certainly is alluring, it
would constitute an overextension of the momentum anal-
ogy. Indeed, upon including nonlocal response through its
hydrodynamic approximation one finds that the correct ef-
fective momentum takes a form qeff,hl ≡
√
l(l + 1)/R, clearly
distinct from qeffl . For completeness we discuss the inclu-
sion of hydrodynamic response in the conductive coating in
Appendix A, whose contribution can be accounted for by a
straightforward rescaling of the local-response conductivity.
III. GRAPHENE COATING OF DIELECTRIC SPHERES
The analysis so far is valid for any spectral dependence
of σ(ω) (or, indeed, of ε1 or ε2). For a graphene-coated
system, we take σ(ω) as graphene’s bulk LRA conductivity,
which, for a Fermi level f at finite temperature T reads as
σ(ω) = σintra(ω) + σinter(ω)34
σintra(ω)
σ0
=
2ikbT
~ω˜
ln
[
2 cosh
(
f
2kbT
)]
, (12a)
σinter(ω)
σ0
=
pi
4
H
( 1
2~ω
)
+ i~ω˜
∫ ∞
0
d
H() − H( 12~ω)
~2ω˜2 − 42 , (12b)
with definitions ω˜ ≡ ω + iγg where γg denotes the optical
loss-rate of graphene,35,36 σ0 ≡ e2/pi~ is the quantum of
conductance, and H() the population difference between
energies ∓
H() =
sinh(/kbT )
cosh(f/kbT ) + cosh(/kbT )
. (12c)
In the ensuing subsections we consider nondispersive bulk
media, i.e., spectrally constant ε1 and ε2, that is, dielectrics.
In this case, the existence of localized plasmons is strictly
due to the graphene coating. In Section IV we explore a
dispersive interior, concretized by a graphene-coated Drude
sphere, with the accompanying plasmons emerging from the
interaction of the plasmon-branches of each bare subsystem.
A. Size dispersion and modal profile
In Fig. 2(a) we investigate the size dispersion of the plas-
monic modes of graphene spheres in vacuum in the low-
temperature, low-loss limit, by solving Eq. (10) numerically.
It is evident that for large spheres and sufficiently low l, the
intraband, low-loss approximation, σ(ω) ' σintra(ω)|γg=0T=0 =
ie2f/pi~2ω, is a good approximation, yielding the disper-
sion ~ωl ' [e2f/piε0εbl R]1/2 with εbl ≡ ε1/(l + 1) + ε2/l.
For smaller spheres, and concomitant larger resonance
frequencies, the interband term redshifts the resonances
significantly.37 Furthermore, since Im(σintra +σinter) changes
sign from positive to negative at ~ω/f ≈ 1.6671 the LRA
predicts plasmon resonances restricted to the range below
this frequency – though the inclusion of nonlocal response re-
laxes this restriction.32,33 As seen from Fig. 2(b) the electric
fields associated with each multipole plasmon are increas-
ingly confined to the surface region with increasing l, in
analogy with the increasing confinement experienced by a
surface plasmon polariton with increasing momentum. In
line with this analogy, the plasmon modes also exhibit a
monotonically decreasing circumferential wavelength, dis-
playing l nodal lines of Eθ in the xz plane for the lth mode.
In general, as shown in Table I, the induced charge exhibits
exactly l nodal lines, regardless of the value of m.
B. Extinction and dipolar response
For direct optical measurements the quantity of inter-
est is typically the extinction cross-section, which is ob-
tainable from either the Mie–Lorenz coefficients or, ap-
proximately, from the dipolar polarizability via27 σext =
2pik−22
∑∞
l=1(2l+1)Re(t
te
l +t
tm
l ) ' k2Im(α1)+(6pi)−1k42 |α1|2. As
is evident from the quasistatic approximation of σext only the
dipole plasmon influences the cross-section in small spheres.
In Fig. 3 we show the extinction cross-sectional efficiency
of graphene-coated spheres of vacuum and polystyrene, sur-
rounded externally by vacuum. Indeed, it is evident that the
dipole approximation is excellent, even for graphene-coated
spheres of several hundreds of nanometers. As already ob-
served in Fig. 2(a), the resonance position is redshifted with
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FIG. 3 (color online). Extinction cross-section for graphene spheres
in vacuum of varying radii R = 5, 10, 20, 50, and 200 nm (indicated
in color), for loss-rate γg = 20 meV and temperature T = 300 K.
Top and bottom panels consider the interior spheres consisting of
vacuum and polystyrene (ε1 = 1 and ε1 = 2.4), respectively. The
quasistatic dipole approximation as well as fully retarded calcula-
tions are presented, here shown in dashed black lines and colored
areas, respectively.
increasing radius, leading to a size-dependent extinction
cross-section. This stands in contrast to the resonances of
metallic nanospheres which, in the classic quasistatic pic-
ture, exhibit size-independent resonances (though the inclu-
sion of nonlocal response introduces a size-dependence38).
The inclusion of a non-unity dielectric as the spherical sub-
strate redshifts and lowers the overall response efficiency as
seen from the calculations for coated polystyrene spheres
(ε1 = 2.4). This is consistent with the redshift generally
arising from a reduction of the effective Coulomb interaction
1/εbl R (since ε
b
l increases with ε2).
C. LDOS and multipolar response
Exploring the properties of plasmons beyond the dipole
resonance is best facilitated by near-field measurements
whose excitation (and sampling profile) are not plane
waves.26 Such non-planar exciting fields are naturally associ-
ated with nearby dipole emitters, such as dyes. The interplay
between emitter and plasmonic system, leading e.g., to decay
enhancement,28 is then governed by the electric LDOS.39
As for the cross-section, the LDOS-enhancement, i.e., the
LDOS near the nanosphere, ρe, relative to the LDOS in free-
space, ρe0, can be obtained from the Mie–Lorenz coefficients –
or, more simply, from the multipolar polarizability. In partic-
ular, in the quasistatic limit, the emitter-orientation-averaged
LDOS-enhancement reads as26,40
〈ρe〉
ρe0
= 1 +
1
8pik32
∞∑
l=1
(l + 1)(2l + 1)
Im(αl)
(R + δ)2(l+2)
, (13)
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FIG. 4 (color online). LDOS-enhancement for graphene spheres in
vacuum of varying radii R = 20 and 50 nm, with setup otherwise
as in Fig. 3. The surface-to-observation distance δ is indicated in
each panel. In the top panel, the l → ∞ multipole asymptote at
~ω/f ≈ 1.6671 is indicated by the dashed line. For each panel, the
y-axis ranges from unity and upwards.
evaluated at radial distance δ from the sphere-surface.
In Fig. 4 we consider the spectral dependence of the orien-
tation averaged LDOS at varying distances from the spheri-
cal coating. At large surface-to-probe separations the LDOS
is dominated by the dipolar plasmon, whilst, at increasingly
shorter separations the high-order multipoles appear as sig-
nificant features. The LDOS evaluated at just 2 nm above
the surface reveals a broad multiple multipole feature. This
broad feature is comprised of several spectrally overlapping
multipole plasmons, that are increasingly congested as the
energies approach ≈ 1.6671f. Once more, this effect has a
close analogue in metallic nanospheres where local response
incurs a pile up of multipole modes near the flat-interface
surface plasmon resonance at ωp/
√
2, with ωp denoting the
metallic plasma frequency.26,30
IV. GRAPHENE COATING OF DRUDE SPHERES
Proceeding from the study of a non-dispersive interior, we
consider next a graphene-coated Drude sphere, wherein we
assign the interior dielectric function a Drude form
ε1(ω) = ε∞ −
ω2p
ω(ω + iγd)
, (14)
where ε∞ gives the residual high-frequency response of the
material, and γd the optical loss-rate of the Drude material.
The Drude dispersion is traditionally applied to metals, but
also reliably describes strongly doped semiconductors much
larger in extent than the Fermi wavelength.41,42 The case of
6 
 
 
 
 
 
 
 
~ω [eV]~ω [eV]~ω [eV]
ǫ F
[e
V
]
~ω [eV]
~ω >
2ǫF~ω
< 2
ǫF
~ω >
2ǫF~ω
< 2
ǫF
~ω >
2ǫF~ω
< 2
ǫF
~ω >
2ǫF~ω
< 2
ǫF
R = 100 nmR = 50 nmR = 25 nmR = 10 nm
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 50 0.5 1 1.5 2 2.5 3 3.50 0.5 1 1.5 2 2.50 0.5 1 1.5 2
0 0.2 0.4 0.6 0.8 10 0.2 0.4 0.6 0.80 0.2 0.4 0.6 0.80 0.2 0.4 0.6 0.8
0
0.2
0.4
0.6
0.8
1
FIG. 5 (color online). Extinction cross-sectional efficiency in a graphene-coated Drude sphere in vacuum, explored as a function of
graphene Fermi energy, frequency, for several fixed values of the radius (as indicated). The Drude material is characterized by its plasma
frequency ~ωp = 0.8 eV and loss-rate γd = 0.1 eV, while graphene parameters are evaluated with γg = 20 meV at T = 0 K. The color
coded response indicates the extinction efficiency, σext/piR2, calculated from the fully retarded expression. The green and red lines indicate
the retarded bare resonance positions of the Drude sphere and graphene-coated vacuum sphere, respectively. In blue is given the quasistatic
intraband approximation, Eq. (16), with the dash-dotted line indicating the resonance position, and the dashed lines the resonance width via
ωr ± ωi. Finally, the dashed white line separates the regions of zero and nonzero Landau damping.
doped semiconductor spheres is significantly more interest-
ing from the perspective of mode hybridization, as the range
of plasma frequencies of doped semiconductors overlap the
realizable Fermi energies of graphene.
In this case where the interior is dispersive and well-
described by Eq. (14) the resonances of the coated sys-
tem then follow directly from Eq. (10). If we include only
the low-temperature intraband response of graphene, via
σintra(ω) = ie2f/pi~2(ω + iγg), the dipole resonance condi-
tion is particularly simple, reading as
ω2p
ω(ω + iγd)
+
ω2gR
ω(ω + iγg)
= ε∞ + 2ε2, (15a)
where
ω2gR ≡
2e2f
ε0pi~2R
(15b)
plays the role of an effective plasma-frequency of the
graphene coating. To first order in the loss-rates (γd, γg)
we find a single positive resonance frequency ω ≡ ωr − iωi
with43
ωr '
√
ω2p + ω
2
gR
ε∞ + 2ε2
, ωi ' 12
ω2gRγg + ω
2
pγd
ω2gR + ω
2
p
. (16)
The result bears a high resemblance with the standard qua-
sistatic dipole resonance of a Drude sphere, but here lucidly
adapted to account for the graphene coating through ω2gR.
Considering ωi it is interesting to note that for γd , γg it is
possible to achieve an effectively reduced plasmon decay rate
compared e.g., to the uncoated Drude sphere by appropriate
scaling of ωgR relative to ωp: specifically, if ω2gR/ω
2
p ≡ a
then ωi ' 12(a+1) (aγg + γd), illustrating that the decay can
be tuned from predominately graphene- to Drude-like by
varying the ratio a. Evidently, the comparative importance
of graphene’s response relative to the bulk Drude material’s
is indicated by the a, with the former dominant when a > 1.
In Fig. 5 we explore the response of a graphene-coated
Drude sphere, conceptually representative of a doped semi-
conductor, by considering the extinction cross-sectional ef-
ficiency. The plasma frequency considered, ~ωp = 0.8 eV,
overlaps with the considered graphene Fermi energy range.
The intraband approximation in Eq. (16) plainly provides an
excellent account of both the position and width of the dipole
resonance in the region ~ω < 2f, i.e., outside the region
of interband Landau damping; that is, for sufficiently large
spheres at sufficiently high graphene Fermi energies. No-
tably, the hybridization between the bare resonances of the
Drude sphere and a graphene-coated vacuum sphere leads to
just a single hybridized mode, rather than the familiar con-
struction of a red- and blueshifted bonding and anti-bonding
mode. In the joint Drude-graphene case, due to the absence
of spatial separation between the induced charge regions in
the two materials – both residing at the sphere surface – just
a single hybridized plasmon is formed. As evident from
Eq. (16) the hybridized resonance is blueshifted compared
to the bare resonances. Significant tunability is achievable
by varying either the sphere radius – or, for dynamical pur-
poses, graphene’s doping level. The latter scenario could be
achieved e.g., by application of an external gating field, with
significant retainment of tunability expected,44 even in the
presence of a fixed substrate charge-transfer contribution.45
7A. Relation to surface scattering
At this point we digress briefly from considerations of
graphene-coatings, to consider an endearing corollary of
Eq. (10) in the dipole case related to surface scattering and
Kreibig’s size-dependent damping model. Specifically, sup-
pose that a metallic particle, well-described by Eq. (14),
exhibits a slightly increased damping rate γ˜d = γd + δγ near
the surface, e.g., due to roughness. We assume that this re-
gion is thin, specifically, it is reasonable to take its width as
a single plasma-wavelength w = vf/ωp. We include this thin
region approximately via a surface conductivity σ = σbulkw,
where σbulk denotes the bulk Drude conductivity of loss-rate
γ˜d. In this case, working from Eq. (10), one finds to first
order in the loss-rates and in the ratio w/R that the resonance
broadens as Im(ω) ' − 12
[
γ+(2δγ/ωp)(vf/R)
]
, which follows
exactly the Kreibig form,46 γ → γ + Avf/R, with dimension-
less damping parameter A = 2δγ/ωp. From experimental
studies, it is well-known that A is on the order of unity46 –
with this in mind, we recognize that surface scattering due
to a spatial dependence of γ is only a minor contributor to
the experimentally measured A, since δγ/ωp  1 for any
reasonable imagined δγ. Indeed, it was established by Apell
and Penn, using density functional theory, that the primary
contributor to A arises from density inhomogeneity in the
surface region.47
V. SUMMARY
In this paper we have examined the electromagnetic re-
sponse – and, as a key element, the plasmonic properties –
of a two-component spherical structure, coated at the inter-
face by a conductive film, exemplified here by a graphene
coating. Within the naturally suited frame-work of vector
waves we derived a corresponding set of generalized Mie–
Lorenz scattering coefficients. Restricting our considerations
to the quasistatic regime, we derived mathematically uncom-
plicated dispersion equations for the multipole plasmons.
Considering the modest number of established analytical dis-
persion equations in graphene plasmonics, we believe that
the additional member introduced here offers a complement-
ing view, particularly in the emerging subfield of plasmonic
interaction in non-planar two-dimensional structures. Fi-
nally, as useful applications of the theory developed herein,
we considered two distinct types of spherical substrates for
the coating: specifically, dielectric and Drude substrates. In
the former case, this allowed us to explore the localized plas-
mons arising strictly from the charge-carriers in the graphene
coating – while, in the latter case, we explored the interplay
between plasmons supported independently by the bulk and
the coating.
Appendix A: Including Hydrodynamic Nonlocality in
Graphene’s Response in Spherical Geometries
We here discuss how to appropriately account for nonlocal
response acting in the graphene-coating through a hydrody-
namic model. For simplicity – and because it is justified
in the size-regime relevant for nonlocal response in finite
structures – we work in the quasistatic regime.
Hydrodynamic response is included by a modest gen-
eralization of the usual Ohm’s law K(r) = σ(ω)E‖(r) by
appending to the left-hand side a term β
2
ω2
∇‖[∇‖ ·K(r)], which
in turn, combined with the continuity equation, enforces a
relationship between the induced charge density ρ and the
potential φ37,48
ρ(r) +
β2
ω2
∇2‖ ρ(r) =
iσ(ω)
ω
∇2‖ φ(r), (A1)
with plasma velocity β proportional to the Fermi velocity vf,
interrelated approximately48 by β2 = 34v
2
f in graphene. For
the potential, we expand it in the exterior and interior regions,
V2 and V1, by making use of axial symmetry to freely
choose the azimuthal m = 0 component of a complete set of
bounded, non-constant solutions of the Laplace equation49
φV1 (r) =
∑
l=1
ctral r
lPl(cos θ), r < R, (A2a)
φV2 (r) =
∑
l=1
[
cincl r
l + cscal r
−(l+1)]Pl(cos θ), r > R, (A2b)
with associated incident, scattered, and transmitted multipole
coefficients cincl , c
sca
l , and c
tra
l , respectively. Due to spherical
symmetry, the coefficients can be matched multipole-by-
multipole, i.e., separately for each l. The matching is gov-
erned by the BCs nˆ×(EV2−EV1 ) = 0 and nˆ×(DV2−DV1 ) = ρ,
which translate into BCs for the potential φ, reading as
∂θφV2 = ∂θφV1 and ε1∂rφV1 − ε2∂rφV2 = ρ at all surficial
points. The induced charge density associated with a poten-
tial φV1 of multipole order l is denoted ρl and is obtained by
solving Eq. (A1) subject to Eq. (A2a) for fixed l yielding
ρl = −ctral
iσhl (ω)
ω
Rl−2l(l + 1)Pl(cos θ), (A3a)
expressed via a hydrodynamically corrected conductivity
σhl (ω) ≡
σ(ω)
1 − β2
ω2
l(l+1)
R2
. (A3b)
Applying the BCs to Eqs. (A2) and (A3a) then yields a
direct relation between the scattered and incident multipole
coefficients
cscal = −(4pi)−1αhl cincl , (A4)
expressed in terms of a hydrodynamic multipole polariz-
ability αhl . Importantly, as is evident from Eq. (A3a), the
inclusion of hydrodynamic response acts only to introduce
8an effective conductivity σhl . As such, the hydrodynamic
multipole polarizability αhl differs only from its LRA coun-
terpart αl of Eq. (9) by the substitution σ→ σhl .
Interestingly, in momentum-space the hydrodynamic con-
ductivity of a planar sheet takes the form σ(q, ω) = σ(ω)
[
1−
β2
ω2
q2
]−1. Clearly, a mapping between the planar case and
Eq. (A3b) can be achieved by introducing an effective mo-
mentum qeff,hl ≡
√
l(l + 1)/R. Notably, this differs from the
optically relevant effective momentum qeffl at order O(l−1).
Concluding our considerations of hydrodynamics, we
comment that the effective nonlocal interaction range β/ω is
∼1 nm for graphene (for a resonance e.g., at ~ω = 0.5 eV).
As such, significant hydrodynamic perturbations of the
LRA predictions are expected in the proximity of the few-
nanometer domain.
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